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Autocorrelation functions for Hermite-
polynomial ultra-wideband pulses

L.E. Miller

Communication systems using carrietless ultra-wideband (UWB)
pulse waveforms are being considered for high-rate wireless networks.
The autocorrelation functions are given for models of UWB pulses
based on Hermite polynomials, for use in predicting system
performance.

Introduction: Multiple-access communications using carrierless
ultra-wideband (UWB) pulses have been proposed for fading envir-
onments [1] and for high-rate indoor networks [2]. Transmitter and
receiver antennas may differentiate such pulses, resulting in wave-
forms resembling very short sinusoidal bursts. Pulses based on
Hermite polynomials, which are generated by successive differentia-
tion of a ‘Gaussian-shaped’ pulse, have been proposed as mathema-
tical models for UWB pulses because of their resemblance to actual
waveforms [3, 4]. While many properties of Hermite polynomials are
well established for various applications, their autocorrelation proper-
ties as time functions have not been published previously. In this
Letter, the autocorrelation functions for Hermite-polynomial pulses
are shown, including an iterative relation for generating them.
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Fig. 1 Example UWB waveforms based on Hermite polynomials
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Fig. 2 Example autocorrelation functions for UWB waveforms based on
Hermite polynomials

Model: A model pulse shape for UWB communications is [4]
5 = e He () = &I -1Y T ) )

where He,(?) is the nth degree Hermite polynomial [5], which has »
zero crossings. The Hermite polynomials may be generated using the
iteration [5]

He,y(x) = xHe, (x) — nHe,, (x),

Hey(x) =1, He/(x)=x )

Examples of this family of pulse shapes are given in Fig. 1.

Derivation of autocorrelation function: Using n =1/2 for notational
convenience, the autocorrelation function for the pulse waveform of
(1) is given by

R(t;n) = J

00
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Substituting (1) leads to the expression
R(z: n) = ~2me™ 2E {He,(t + n)He,(t — 1)} @

where E,{} denotes expectation as if ¢ were a zero-mean, unit-variance
Gaussian random variable. For example, by direct calculation we find
that

R(z; 0) = ~/2me™ " 12E,{1} = +/2re™""/?
R(t; 1) = V2re " RE(R — n?} = V2re 21 — ?)
R(1;2) = V2re " PE{ — 220 + D +* — 212 + 1)
= V2re 22 — 4n? + %)
R(t;3) = V2re T REAS — 38 +2) + 323" +3)
—n® +6n* — 9%} ®)
= V2126 — 1847 + 94* — %)
R(t; 4) = V2re T PE(® — 405(0* + 3)
+6r 202 +7) = 42(n® = 3* + 97 +9)
+7% = 121° + 420 — 3607 + 9}
= VZre 224 — 96n* + T20* — 1645 + 1)

The general form corresponding to (5) is somewhat subtle but is found
by inspection to be

n pt
Rz m) = V2me 2 Y 2} )0 ©
S\ k
An iterative relation is desirable for computation. To derive an

iterative relation, we note that (6) can be expressed in terms of a
confluent hypergeometric function, as follows:
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where (a),=I'(a+k)/T'(a) is Pochammer’s symbol. We may use
Kummer's transformation [6] to write

VFi(=n; i) = &\ Fy(n+ 15 1; =) (8)

in order to apply a recursion formula for the hypergeometric function
[6, formula 13.4.1] to obtain

(n+ 1) Fi(n+2 1 =) = @n+ 1 =) Fi(n + 1; 1; =)
—mFy(n; 1; =) ()]

Applying this recursion to the autocorrelation function in (7), we have
the following recursion:

Rmin4+1)=Q2n+ 1 — )R n) — n®R(t;n — 1) (10)

with 5, R(z; 0), and R(z; 1) as given above, e.g.
R(t;4) = (7 = nHR(1; 3) — 9R(1; 2) (11)
which yields the results for R(z; 4) that is shown above. Example plots
of the autocorrelation function for the UWB pulses based on Hermite

polynomials are shown in Fig. 2 after normalisation by the maximum
value.
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Downlink radio resource allocation for
multibeam satellite communications

Kwangjae Lim and Sooyoung Kim

To increase system capacity and allow downlink beams to share
orthogonal radio resources, a synchronous transmission for downlink
signals in a multibeam satellite communication system is proposed.
Also presented is an optimum radio resource allocation for packet
transmission in the synchronous multibeam system.

Introduction: In typical satellite-based CDMA cellular systems [1, 2],
full frequency reuse is applied for high spectral efficiency, as in
terrestrial CDMA cellular systems. Different scrambling codes, such
as pseudo noise (PN) sequences, are used for discriminating each
signal for downlink beams. In such conventional satellite systems, the
adjacent beams generate a serious interbeam interference to the
desired beam because of the non-orthogonality between the PN
scrambling codes and the imperfect isolation of the satellite antenna
radiation pattern. We refer to this conventional system as the asyn-
chronous system in this Letter. However, all the downlink signals can
be synchronised on both the transmission and reception sides because
the satellite is the only signal source. This is the basic idea of the
synchronous system proposed in this Letter. In the synchronous
multibeam satellite system, the limited radio resources should be
carefully used and, thus, an efficient radio resource allocation is
required for co-ordinated resource usage. This Letter proposes a
synchronous multibeam satellite system and a dynamic radio resource
allocation for the packet transmission.

Synchronous multibeam satellite system: We consider a multibeam
satellite system where the mobile packet services are provided to users
by a fixed earth station (FES) through a geosynchronous-orbit (GSO)
satellite. The downlink radio resource is divided into multiple radio
resource units (RRUs) by time, frequency, and code division multi-
plexing. Each RRU is defined by a specific spreading code in a
specific frequency/time slot. All downlink signals are synchronised in
both the time and frequency domains. Due to the synchronised
transmission, all beams can share the orthogonal radio resources. In
principle, this eliminates the interbeam interference due to the
orthogonality between RRUs. However, in mobile environments, the
orthogonality between different spreading codes in the same frequen-
cy/time slot can be broken by time-dispersive multipath (frequency-
selective) fading. In this Letter, we consider the imperfect RRU
orthogonality as an interference factor between orthogonal spreading
codes. Under heavy load conditions, the number of available RRUs in
a beam may be restricted since all beams share a common RRU set. To
avoid this resource limitation, RRUs are reused in different beams if
the interbeam interference can be ignored due to a sufficient isolation
of radiation patterns between the different beams. The radio resource
allocation proposed in this Letter controls the interbeam interference
by properly allocating and reusing the orthogonal RRUs.

Received SIR model: The received SIR of a packet, which is trans-
mitted from beam b to user » in an RRU (s, /, m) defined by frequency
slot s, time slot /, and spreading code m, is modelled by,

Pb,(s,1,m)8b,u
Ly sty + Zpu sty + Nuoise

M

Vou(s.lm) = SF

where SE ppsimy 8bu dbuspy Zousp and N represent the
spreading gain, the transmit power used in RRU (s, /, m), the link
gain between user # and beam b, the intrabeam interference and the
interbeam interference in frequency/time slot (s, /), and background
noise power, respectively. The interferences in (1) are expressed by,

Dy sy = K ) > Pb,(5,1,)8b,u )
zeva(J'm
i#m
Zyutsh) =K2 20 2 Pisiiniu T K3 2 DisimEia 3
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where B, Vj, (s, and k. (x=1, 2, 3) are the set of beams, the set of
RRUs in frequency/time slot (s, /) of beam b, and the interference
factors, respectively. The interference factors are set by k|, =k, = and
K3 = SF for the synchronous system, and ky =k and k; = k3 =1 for the
asynchronous system, where k stands for the interference factor
between different orthogonal codes due to frequency-selective fading.

Radio resource allocation: Every user in the service measures the
received power of the service and adjacent beam pilots and periodi-
cally reports them to a resource control centre, which is located at
either the FES or satellite. The centre estimates the link gains on
downlink beams from the user report and allocates RRUs and transmit
power using the estimated link gains. For each packet transmission,
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